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a b s t r a c t
Let H = (V , E) be a hypergraph with vertex set V and edge set
E of order nH = |V | and size mH = |E|. A transversal in H is a
subset of vertices in H that has a nonempty intersection with ev-
ery edge of H . The transversal number τ(H) of H is the minimum
size of a transversal in H . A dominating set in H is a subset of ver-
tices D ⊆ V such that for every vertex v ∈ V \ D there exists an
edge e ∈ E for which v ∈ e and e ∩ D ≠ ∅. The domination num-
ber γ (H) is the minimum cardinality of a dominating set in H . A
hypergraph H is k-uniform if every edge of H has size k. We es-
tablish the following relationship between the transversal number
and the domination number of uniform hypergraphs. For any two
nonnegative reals a and b and for every integer k ≥ 3 the equality
supH∈Hk γ (H)/(anH+bmH) = supH∈Hk−1 τ(H)/(anH+ (a+b)mH)
holds, where Hk denotes the class of all k-uniform hypergraphs
containing no isolated vertices. As a consequence of this result, we
establish upper bounds on the domination number of a k-uniform
hypergraphwithminimumdegree at least 1. In particular, we show
that if k ≥ 3, then γ (H) ≤ (nH+⌊ k−32 ⌋mH)/⌊ 3(k−1)2 ⌋ for allH ∈ Hk,
and this bound is sharp. More generally, for k = 2 and k = 3 we
prove that all the essential upper bounds can be written in the uni-
fied form γ (H) ≤ (anH + bmH)/(ak + b) for constants b ≥ 0 and
a > −b/k.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Dominating sets are important objects in communication networks, as they represent parts from
which the entire network can be reached directly. Messages can then be transmitted from sources to
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destinations via such a ‘‘backbone’’ with suitably chosen links. The theory of dominating sets in graphs
is well developed. There are far more than a thousand papers on this topic and its applied nature has
inspired intensive research in recent years (cf. [8,9]). On the other hand, domination in hypergraphs
is a very recent issue, with just a couple of publications so far. In this paper, we explore the study of
domination in hypergraphs further, and point out an essential connection between small dominating
sets and small transversals.
More formally, a hypergraph H = (V , E) is a finite set V of elements, called vertices, together with
a finite set E of subsets of V , called edges. We shall use the notation nH = |V | and mH = |E|, and
sometimes simply n and m without subscripts if the actual H need not be emphasized. The edge set
E is often allowed to be a multiset in the literature, but in the present context we exclude multiple
edges without loss of generality. Also, in the problems studied here, one may assume that |e| ≥ 2
holds for all e ∈ E.
A k-edge in H is an edge of size k. The hypergraph H is said to be k-uniform if every edge of H is a
k-edge. The degree of a vertex v inH , denoted by dH(v), is the number of edges ofH which contain v. A
vertex of degree k is called a degree-k vertex. The minimum degree among the vertices of H is denoted
by δ(H). Two vertices inH are adjacent if they belong to a common edge ofH . A connected hypergraph
is one in which any two vertices can be reached from each other along a sequence of adjacent vertex
pairs. A maximal connected subhypergraph of H is a connected component or simply a component of
H . Thus, no edge in H contains vertices from different components.
Transversals in hypergraphs arewell studied in the literature. A subset T of vertices in a hypergraph
H is a transversal (also called vertex cover or hitting set inmanypapers) if T has a nonempty intersection
with every edge of H . The transversal number τ(H) of H is the minimum size of a transversal
in H .
A dominating set in a hypergraph H = (V , E) is a subset of vertices D ⊆ V such that for every
vertex v ∈ V \ D there exists an edge e ∈ E for which v ∈ e and e∩ D ≠ ∅. Equivalently, every vertex
v ∈ V \ D is adjacent with a vertex in D. The domination number γ (H) is the minimum cardinality
of a dominating set in H . Domination in graphs is still a very active area inside graph theory; see, for
example, the recent papers [4,10,17]. Domination in hypergraphs, however, was introduced only a
couple of years ago by Acharya [1] and studied further in very few papers even since then [2,13,14].
The interplay between total domination in graphs and transversals in hypergraphs has been
studied in several papers (see, for example, [11,12,15]). In the present work, we demonstrate
an interplay between domination in hypergraphs and transversals in hypergraphs, to establish
upper bounds on the domination number of a k-uniform hypergraph with minimum degree at
least 1.
1.1. Known results on transversals
Let H be a hypergraph on n vertices and m edges. It is a simple exercise to show ([7, p. 1180], or
see [15]) that if all edges of H are of size at least 2, then τ(H) ≤ 13 (n+m).
In connected graphs this can be improved further to the bound τ(H) ≤ 27 (n + m + 1), and in 2-
connected ones to τ(H) ≤ 27 (n+m) except for the triangle and the 5-cycle [7]. (For connected bipartite
graphs a tight bound is 14 (n+m+ 1).)
Chvátal and McDiarmid [6] and the third author [16] independently established that if all edges of
H are of size at least 3, then τ(H) ≤ 14 (n + m). Chang and Lai [5] showed that if all edges of H are of
size at least 4, then τ(H) ≤ 29 (n+m). Thomassé and Yeo [15] proved an analogous formula, that if all
edges of H are of size at least 4, then τ(H) ≤ 521n+ 421m.
Applying probabilistic arguments, Alon [3] showed the following result for large edge size. Recall
that nH ,mH stand for the number of vertices and edges in H , respectively.
Theorem 1 (Alon [3]). For k ≥ 1, define ck = sup τ(H)/(nH + mH), where H ranges over all k-uniform
hypergraphs. Then, ck = (1+ o(1))(ln k)/k as k →∞.
On the class of k-uniform connected hypergraphs the challenge was set more than a decade ago of
determining the smallest possible value of qk in inequalities of the form τ(H) ≤ (qk + o(1))(n+ m)
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as n + m → ∞. This remains an open problem, even for k = 3 and k = 4 where the exact value of
ck is known. It has been shown in [7], however, that qk approaches ck as k gets large. More precisely,
ck − 1/k2 ≤ qk ≤ ck is valid.
With non-symmetric coefficients of n andm, Chvátal and McDiarmid [6] established the following
general upper bound.
Theorem 2 (Chvátal, McDiarmid [6]). Let k ≥ 2 be an integer and let H be a k-uniform hypergraph with
n vertices and m edges. Then, τ(H) ≤ (n+ ⌊ k2⌋m)/⌊ 3k2 ⌋ and this bound is sharp.
2. The relationship between transversals and domination
Using an interplay between domination in hypergraphs and transversals in hypergraphs, we shall
establish upper bounds on the domination number of a k-uniform hypergraph with minimum degree
at least 1. As it will be shown, most of these formulae remain valid also if uniformity is replaced with
the condition that every edge has at least k vertices.
We shall need the following definition and a simple lemma.
Definition 1. For an integer k ≥ 2, letHk denote the class of all k-uniform hypergraphs H with δ(H)
≥ 1.
Lemma 3. Let k ∈ N and a, b ∈ R.
(i) For k ≥ 2, anH + bmH > 0 holds for every H ∈ Hk if and only if b ≥ 0 and a > −b/k.
(ii) For k ≥ 3, anH + (a+ b)mH > 0 holds for every H ∈ Hk−1 if b ≥ 0 and a > −b/k.
Proof. Suppose that anH+bmH > 0 for some k ≥ 2 andH ∈ Hk. The k-uniform complete hypergraph
on ℓ vertices gives aℓ+ b

ℓ
k

> 0, which implies b ≥ 0 as ℓ→∞. The k-uniform hypergraph with
exactly one edge, and so nH = k and mH = 1, gives a · k + b · 1 > 0, and so a > −b/k. Hence, both
conditions b ≥ 0 and−b/k < a are necessary in part (i).
To prove the opposite direction of (i), observe that nH ≤ kmH holds for everyH ∈ Hk, since isolated
vertices are excluded. If−b/k < a ≤ 0, this implies that anH + bmH ≥ (ak+ b)mH > 0. If a > 0 and
b ≥ 0, the inequality from (i) trivially holds.
Similarly, nH ≤ (k − 1)mH holds for every H ∈ Hk−1 with k ≥ 3, which implies that anH +
(a+ b)mH > 0 is valid for every H ∈ Hk−1, if b ≥ 0 and a > −b/k. This establishes (ii). 
We now establish the following key relationship between the transversal number and the
domination number of uniform hypergraphs. In Section 4 we will see that the two suprema in the
following theorem are always finite under the given conditions (but the next proof does not require
finiteness).
Theorem 4. For every integer k ≥ 3 and for any two reals b ≥ 0, a > −b/k the following equality
holds:
sup
H∈Hk
γ (H)
anH + bmH = supH∈Hk−1
τ(H)
anH + (a+ b)mH .
Proof. For fixed parameters a, b and k, let us introduce the notation
gk = sup
H∈Hk
γ (H)
anH + bmH and tk−1 = supH∈Hk−1
τ(H)
anH + (a+ b)mH .
Due to Lemma 3, the conditions ensure that anH+bmH > 0 for everyH ∈ Hk and anH+(a+b)mH > 0
for every H ∈ Hk−1.
First, consider a (k − 1)-uniform hypergraph H with vertex set V (H) = {v1, . . . , vn}, edge set
E(H) = {e1, . . . , em} and δ(H) ≥ 1. To construct the k-uniform hypergraphH ′, V (H) is extendedwith
m new vertices u1, . . . , um, one for each edge ei. Hence, E(H ′) = {ei ∪ {ui} : 1 ≤ i ≤ m}, and H ′has
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n′ = n + m vertices and m′ = m edges. Since each edge contains a degree-1 vertex, γ (H ′) = τ(H ′)
holds. Also, it is clear that the transversal number remains unchanged: τ(H) = τ(H ′). By the definition
of gk,
τ(H) = γ (H ′) ≤ gk(an′ + bm′) = gk(an+ (a+ b)m)
and hence
τ(H)
anH + (a+ b)mH ≤ gk
holds for every (k− 1)-uniform hypergraph H . Equivalently, tk−1 ≤ gk.
To prove the converse relation tk−1 ≥ gk, assume a k-uniform hypergraph F of order n and size
m with δ(F) ≥ 1. Let F ′ be a hypergraph obtained from F by successively deleting edges of F that
do not contain any vertices of degree 1 in the resulting hypergraph at each stage. We note that F ′
is a k-uniform hypergraph with n′ = n vertices, and m′ ≤ m edges. When F is transformed to F ′,
isolated vertices cannot arise and the domination number cannot decrease. Moreover, every edge of
F ′ contains at least one degree-1 vertex and hence τ(F ′) = γ (F ′) ≥ γ (F) holds. Deleting exactly one
vertex of degree 1 from each edge of F ′, a (k − 1)-uniform hypergraph F ′′ of order n′′ = n′ − m′ and
of sizem′′ = m′ is obtained, such that the transversal number remains unchanged. Thus,
γ (F) ≤ τ(F ′′) ≤ tk−1(an′′ + (a+ b)m′′) = tk−1(an′ + bm′) ≤ tk−1(an+ bm).
This implies that tk−1 ≥ gk is valid and the proof is completed. 
In view of Theorem 4, the following two-way correspondence is obtained.
• For k ≥ 3, if we have a general bound on the transversal number of the form τ(H) ≤ c1nH + c2mH
with −c2/(k − 1) < c1 ≤ c2 for all (k − 1)-uniform hypergraphs H ∈ Hk−1, then the inequality
γ (H) ≤ c1nH + (c2 − c1)mH on the domination number necessarily holds for every k-uniform
hypergraph H ∈ Hk. Moreover, if the former bound is sharp then the latter one is sharp, as well.
• For k ≥ 3, similarly, from every valid upper bound on the domination number of the form γ (H)
≤ anH + bmH for all k-uniform hypergraphs H ∈ Hk with real numbers b ≥ 0, a > −b/k, we can
derive the upper bound on the transversal number of the form τ(H) ≤ anH + (a + b)mH for all
(k − 1)-uniform hypergraphs H ∈ Hk−1. Moreover, if the former bound is sharp then the latter
one is sharp, as well.
We will prove next that every valid upper bound on the domination number of k-uniform
hypergraphs of the form γ (H) ≤ anH + bmH can be extended to hypergraphs with a less strict
condition on edge sizes. The exact formulation will depend, however, on the sign of a.
Definition 2. For an integer k ≥ 2, letH+k (H−k ) denote the class of all hypergraphs H with δ(H) ≥ 1,
in which every edge is of size at least k (at most k, respectively).
Proposition 5. For any two nonnegative reals a and b (with a+ b > 0) and for every integer k ≥ 2 the
following equality holds:
sup
H∈H+k
γ (H)
anH + bmH = supH∈Hk
γ (H)
anH + bmH .
Proof. Let us recall the definition of gk and analogously introduce the notation g+k :
g+k = sup
H∈H+k
γ (H)
anH + bmH and gk = supH∈Hk
γ (H)
anH + bmH .
It is clear by definition that g+k ≥ gk. To prove the converse relation, consider a hypergraph H ∈
H+k \Hk and choose an edge e of size k+ k′ with k′ > 0. If there exist k′ vertices of degree at least 2
in e, then omitting these k′ vertices from e the domination number does not decrease. If e has only k′′
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vertices of degree at least 2 where 0 ≤ k′′ < k′, then omitting these vertices from e the resulting edge
e′ forms a one-edge component, with k+k′−k′′ > k vertices and domination number 1. Repeating this
procedure, at each stage a hypergraphH ′ is obtained such that γ (H ′) ≥ γ (H) and each component H ′i
of H ′ is either k-uniform or mH ′i = 1 and nH ′i > k. In the latter case, for every a, b ≥ 0 the inequality
anH ′i +bmH ′i ≥ ak+b holds. Since the k-uniform hypergraphwith k vertices and just one edge satisfies
1/(ak+ b) ≤ gk, the inequality
γ (H ′i )
anH ′i + bmH ′i
≤ gk
also holds. This proves that γ (H ′)/(anH ′ + bmH ′) ≤ gk, from which g+k ≤ gk can be concluded. 
In the complementary case, when the coefficient a is negative, with respect to edge sizes the
correspondence is valid from the opposite direction.
Proposition 6. For every integer k ≥ 2 and for any two reals a ≤ 0 and b > 0, if a > −b/k then the
following equality holds:
sup
H∈H−k
γ (H)
anH + bmH = supH∈Hk
γ (H)
anH + bmH .
Proof. Since the inequality nH ≤ kmH is valid for all H ∈ H−k , the consequence anH + bmH > 0 can
be proved as in Lemma 3 under the condition−b/k < a ≤ 0. Now, define
g−k = sup
H∈H−k
γ (H)
anH + bmH
and use the notation gk as introduced previously.
Given a hypergraphH ∈ H−k \Hk, each edge e of size k−k′ (with k′ > 0) can be supplementedwith
k′ new vertices, such that all new vertices have degree 1. The hypergraph H ′ obtained is k-uniform,
n
H′ > nH and mH′ = mH hold, whilst γ (H) ≤ γ (H ′). Since a ≤ 0, also the inequality anH + bmH ≥
an
H′ + bmH′ is valid. These facts prove that
γ (H)
anH + bmH ≤
γ (H ′)
an
H′ + bmH′
≤ gk.
Therefore, g−k ≤ gk holds. The converse relation g−k ≥ gk is obvious sinceH−k ⊃ Hk. 
As a consequence of Alon’s result in Theorem 1 and our relation established in Theorem 4, we have
the following further asymptotic equality.
Theorem 7. As k tends to infinity,
sup
H∈Hk
γ (H)
nH
= (1+ o(1)) ln (k− 1)
k− 1 = (1+ o(1))
ln k
k
.
Moreover, as an immediate consequence of the Chvátal–McDiarmid result in Theorem 2 and the
relation given in Theorem 4, we obtain:
Theorem 8. If H is a k-uniform hypergraph of order n and size m with δ(H) ≥ 1 and k ≥ 3, then
γ (H) ≤ n+
 k−3
2

m
3(k−1)
2
 ,
and this bound is sharp.
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3. Domination in uniform hypergraphs
In this section, we present several consequences of Theorem 8. For this purpose, we shall need a
simple lemma.1
Lemma 9. If H is a k-uniform hypergraph of order n and size m with δ(H) ≥ 1 and with c components,
then (k− 1)m+ c ≥ n.
Proof. Replace each hyperedge e ∈ E(H) by a star of k − 1 edges on the vertex set of e to produce
a graph G. If H has c components, then so too does G. Since G has (k − 1)m edges, n vertices and c
components, we have that (k− 1)m+ c ≥ n. 
As a consequence of Theorem 8 and Lemma 9, we have the following result. We remark that
although the bounds in Corollary 10 perhaps look unappealing at first, the bounds are not unusual
in this area and become useful when substituting in a fixed value for k.
Corollary 10. For k ≥ 3, let H be a k-uniform hypergraph of order n and size m with δ(H) = δ ≥ 1 and
with c components. Then the following inequalities hold.
(i) γ (H) ≤
 3k−5
2

m+ c
3(k−1)
2
 .
(ii) γ (H) ≤ n+
 k+δ
k
  k−3
2
+ 1m
( k+δk )

3(k−1)
2
 .
Proof. Part (i) is an immediate consequence of Theorem 8 and Lemma 9. To prove part (ii), we note
thatm ≥ 1k δn, and som+ n ≥ 1k (k+ δ)n. Hence by Theorem 8,
γ (H) ≤
 k+δ
k

n+  k+δk   k−32 m k+δ
k
  3(k−1)
2
 ≤ n+  k+δk   k−32 + 1m k+δ
k
  3(k−1)
2
 . 
We remark that as special cases of Theorem 8, Lemma 9 and Corollary 10, we have the following
result for 3-uniform and 4-uniform hypergraphs.
Corollary 11. For k ∈ {3, 4}, let H be a k-uniform hypergraph of order n and size m with δ(H) = δ ≥ 1
and with c components. Then,
γ (H) ≤ n
k
≤ min

(k− 1)m+ c
k
,
n+m
k+ δ

.
We remark that the first inequality in Corollary 11 is from Theorem 8, while the first term in the
minimum expression is due to Lemma 9 and the second term is from the observation that m ≥ 1k δn.
We next consider the special case when H is a 5-uniform hypergraph. We shall prove the following
estimates.
Theorem 12. Let H be a 5-uniform hypergraph of order n and size m with δ(H) = δ ≥ 1 and with c
components. Then.
γ (H) ≤ n+m
6
and γ (H) ≤ 2n
9
≤ min

8m+ 2c
9
,
10(n+m)
9(5+ δ)

.
1 We have not been able to find the original source of this lemma, but it definitely seems to have been known already at least
in the early 1960’s. For completeness, we provide a short proof.
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Proof. By Theorem 8, γ (H) ≤ (n + m)/6. To show that γ (H) ≤ 2n/9, we recall that, by Chang and
Lai [5], τ(F) ≤ 2(n+m)/9 for all 4-uniform hypergraphs F ∈ H4. Hence by Theorem 4, we have that
γ (H) ≤ 2n/9 for all 5-uniform hypergraphs H ∈ H5. The first term in the minimum expression is
due to Lemma 9. To prove the second term in the minimum expression, we note thatm ≥ δn/5, and
som+ n ≥ (5+ δ)n/5. Hence, 2n/9 ≤ 10(n+m)/9(5+ δ). 
We remark that when H is a 5-uniform hypergraph of order n and size m with δ(H) ≥ 2, then
2n/9 < (n + m)/6. As shown by the following construction, there exists a 5-uniform hypergraph H
of order n with δ(H) ≥ 1 satisfying γ (H) = 2n/9; moreover, it provides further examples achieving
equality in the bound in Theorem 8, too.
To show tightness of our inequalities explicitly, we describe a class of examples, variants of which
appear in several papers.
Construction 1. – Hypergraph H ∈ Hk, for any k ≥ 3, of order n and size m with δ(H) ≥ 1 and
γ (H) = n+
 k−3
2

m
3(k−1)
2
 .
(i) For k ∈ {3, 4}, letHk = (V , E) be a connected k-uniformhypergraphwhose vertex set is partitioned
into ℓ ≥ 1 sets V = (U1, . . . ,Uℓ) each of cardinality k and whose edge set E is defined as follows. For
i = 1, . . . , ℓ, let ei = Ui and let vi ∈ ei. Let E consist of the ℓ edges e1, . . . , eℓ together with any other
k-edges that can be added to these edges in such a way that the resulting hypergraph Hk is connected
and dHk(vi) = 1 for each i = 1, . . . , ℓ. Then, n = kℓ and
γ (Hk) = ℓ = nk =
n+  k−32 m
3(k−1)
2
 .
(ii) For any integer k ≥ 5, let Hk = (V , E) be the k-uniform hypergraph defined as follows. The vertex
set ofHk is partitioned as V = V1∪V2∪V3∪{v12, v13, v23}where |V1| = ⌊(k−1)/2⌋ and |V2| = |V3| =
⌈(k− 1)/2⌉. Let V ′2 be an arbitrary (⌊(k− 1)/2⌋)-subset of V2 (we note that V ′2 = V2 if k is odd). The
edge set ofHk consists of three k-edges E = {e1, e2, e3}where e1 = V1∪V2∪{v12}, e2 = V1∪V3∪{v13}
and e3 = V ′2 ∪ V3 ∪ {v23}. We note that Hk has order n = ⌊(k− 1)/2⌋+ 2⌈(k− 1)/2⌉+ 3, sizem = 3,
and
γ (Hk) = 2 = n+
 k−3
2

m
3(k−1)
2
 .
4. The general setting
In the previous sections we determined some upper bounds of the form anH + bmH on the
domination number of k-uniform hypergraphs, and also proved in Lemma 3 that b ≥ 0 and a > −b/k
must hold in every valid upper bound. In this setting, a general way to formulate our main concern is
as follows.
Problem 1. Given an integer k ≥ 2, determine the shape of the surface Γk(x, y, z)which is the subset
of Dk = {(x, y, z) | y ≥ 0 ∧ x > −y/k} ⊂ R3 defined by the rule
z = sup
H∈Hk
γ (H)
xnH + ymH .
In other words, for k given, determine z = z(x, y) as a function of x and y.
Clearly, the intersection of Γk(x, y, z)with any plane of the form {(x, y, z) | y = cx} (where k ∈ N
and c ∈ R are fixed and satisfy c > 0 for x > 0 or c < −k for x < 0) is a hyperbola. In preceding
sections we determined some points of Γk(x, y, z) for every fixed k, and made estimates of its shape.
A simple general lower bound is:
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Proposition 13. For every integer k ≥ 2 and reals y ≥ 0 and x > −y/k,
z(x, y) ≥ 1
kx+ y .
Proof. The hypergraph with n = k vertices andm = 1 edge of size k has γ = 1. 
The general description of Γk(x, y, z) appears to be a rather hard problem already for k = 4. The
main result of this section is a complete solution for k = 3, showing that Proposition 13 holds with
equality in this case. Before that, let us prove that the same is valid for k = 2 on the entire domain of
z(x, y), and moreover for every k ≥ 2 in the negative range −y/k < x ≤ 0. In view of Lemma 3 and
Proposition 13 it will suffice to prove that
γ (H) ≤ xnH + ymH
kx+ y
holds for every H from the hypergraph classes considered. Some results of previous sections show
that if k ≥ 5, this inequality is not valid in general for all feasible pairs (x, y). The case k = 4 remains
open.
Proposition 14. For every k ≥ 2, y > 0 and x ≤ 0, if −y/k < x holds then
z(x, y) = 1
kx+ y .
Proof. Applying that x ≤ 0 and nH ≤ kmH has to hold for every H ∈ Hk, the following chain of
inequalities is obtained:
xnH + ymH
kx+ y ≥
kxmH + ymH
kx+ y = mH ≥ γ (H).
Combined with Proposition 13, this completes the proof. 
Now, we can prove that the suprema in Theorem 4 are finite for all cases considered.
Corollary 15. For every integer k ≥ 3 and for any two reals b ≥ 0, a > −b/k, the following supremum
is finite:
sup
H∈Hk
γ (H)
anH + bmH .
Proof. By Proposition 14, the supremum is finite if a ≤ 0. For the other case when a > 0, since b ≥ 0
and γ (H) ≤ nH − k+ 1, we have
γ (H)
anH + bmH <
nH
anH
= 1
a
and consequently, the supremum is at most 1/a. Let us note that if both a, b > 0, then
γ (H)
anH + bmH <
mH
bmH
= 1
b
and so 1/b, too, is an upper bound on the supremum. 
Next we prove the following characterization.
Theorem 16. For k ∈ {2, 3}, the surface Γk(x, y, z) is determined by
z(x, y) = 1
kx+ y .
Proof. By Proposition 14, it is enough to establish the statement only for positive values of x.We apply
induction on nH +mH to prove that
70 C. Bujtás et al. / European Journal of Combinatorics 33 (2012) 62–71
γ (H) ≤ xnH + ymH
kx+ y
holds for every k-uniform hypergraph H without isolated vertices, and for any two reals x, y with
x > 0, y ≥ 0. Both sides of the inequality are additive with respect to vertex-disjoint union, and
therefore we may assume without loss of generality that H is connected. We may also assume that
every edge of H contains at least one vertex of degree 1, for otherwise deleting an edge without a
vertex of degree 1 results in a hypergraph of nH vertices and mH − 1 edges and whose domination
number cannot decrease. For the case when all vertices are of degree 1, H contains exactly one edge,
and so nH = k,mH = 1 and γ (H) = 1 and the inequality holds. Otherwise, choose a vertex v of
degree p ≥ 2. Let H ′ be the hypergraph obtained from H by deleting all edges containing v and those
vertices contained only in these edges. Since every edge in H contains at least one vertex of degree 1,
we have nH ′ ≤ nH − p− 1. Further,mH ′ = mH − p. Since p ≥ 2 and k ≤ 3, we observe that (p+ 1)x+
py ≥ 3x+ 2y ≥ kx+ y. Hence applying the inductive hypothesis to the hypergraph H ′, we have that
γ (H) ≤ γ (H ′)+ 1
≤ xnH ′ + ymH ′
kx+ y + 1
≤ x(nH − p− 1)+ y(mH − p)
kx+ y + 1
≤ xnH + ymH
kx+ y . 
We close with an equivalent formulation of Theorem 16.
Theorem 17. For k = 2 and k = 3, the bound
γ (H) ≤ anH + bmH
is valid for every k-uniform hypergraph H which does not contain isolated vertices, if and only if both
ka+ b ≥ 1 and b ≥ 0 hold.
Proof. Let k ∈ {2, 3}. Suppose the bound γ (H) ≤ anH + bmH is valid for every H ∈ Hk. Certainly
anH + bmH > 0, and so, by Lemma 3(i), b ≥ 0 and a > −b/k. Further since γ (H)/(anH + bmH ) ≤ 1,
Theorem 16 implies that 1/(ka+ b) = z(a, b) ≤ 1. Thus both ka+ b ≥ 1 and b ≥ 0 hold.
Conversely, suppose that both ka + b ≥ 1 and b ≥ 0 hold. Then, a > −b/k and b ≥ 0, and so, by
Theorem 16, z(a, b) = 1/(ka + b). Thus since ka + b ≥ 1, we have that z(a, b) ≤ 1 and therefore
γ (H)/(anH + bmH ) ≤ 1 holds for every H ∈ Hk. 
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